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Thank You for streaming this session. If you have any questions or 
comments, please feel free to contact me at  dr.rsgroi@gmail.com. 
A copy of this presentation along with these resource materials can be 
found on my website drrsgroi.com. 

STEPS FOR CREATING AND CRITIQUING GUIDED DISCOVERY LESSONS 
(as detailed in the presentation) 

1. Select content
2. Identify entry conditions
3. Handle the objective
4. Outline the gradual steps
5. Write the lesson
6. Plan checkpoints
7. Naïve proofreader
8. Follow up activity to check accountability
9. Field test, critique, revise
10. Bank and share lessons
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AREA UNDER A CURVE 
Gerver, Sgroi et al,  Geometry an Integrated Approach South-Western Publishing, 1998 

 
 
 
 
 
 

 
 
 
 
 
 

 

 

 

 

 

 
 

 
 

 
 

 

 
 

Recall that the graph of the equation y = x2 + 1 
is a parabola. Recall also that the coordinates of 
any point on a curve satisfy the equation of the 
curve. If you know one coordinate of a point on 
a curve, substitute in the equation to find the 
other coordinate.  

1. 1. If T  is on the parabola and 𝑇𝑃 is
perpendicular to the x-axis with P(2,0), find the
coordinates of T.

2. 2. If  R is on the parabola and  𝑅𝐴 is
perpendicular to the x-axis with A(6,0), find the
coordinates of R.

3. Explain why the outline of the shaded region shown in the graph above is not a polygon.

You can approximate the area of the shaded region by trapezoid TRAP. 

4. Which two sides of the trapezoid are the bases? What are their lengths?

5. Which segment in the graph is the altitude of the trapezoid?  What is its length?

6. What is the area of trapezoid TRAP?

7. Is the area of trapezoid TRAP  an over approximation or an under approximation of the area of
the shaded region.  Explain.

You can improve the approximation of the area of the shaded region by dividing the area under 
the curve into several trapezoids. 
 
8. Find the area of each of the four trapezoids I, II,
III, IV.

9. Find the sum of the areas of the four trapezoids.

10. Does the sum of the areas of the four trapezoids
represent an over approximation or an under
approximation of the area of the shaded region?
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Suppose the area of the shaded region were divided into eight trapezoids, as shown at the right 
below. 

The algebraic steps that follow create a new formula for finding approximating the area under a 
curve.  Refer to the graph below. 

17. This step models the work you did in the case of four trapezoids.  Explain what the equation
represents.

𝐴 = 	
1
2 ℎ
(𝑦! + 𝑦") +	

1
2 ℎ
(𝑦" + 𝑦#) +	

1
2 ℎ
(𝑦# + 𝑦$) +	

1
2 ℎ
(𝑦$ + 𝑦%) 

18. Explain how the following equation was derived from the equation in Question 17.

𝐴 = ℎ(
1
2
(𝑦! + 𝑦") +	

1
2
(𝑦" + 𝑦#) +	

1
2
(𝑦# + 𝑦$) +	

1
2
(𝑦$ + 𝑦%)) 

11. Make a conjecture about the accuracy of the
approximation as compared to when you used four
trapezoids.  Explain your reasoning.

12. Find the area of each of the eight trapezoids.

13. Find the sum of the areas of the eight trapezoids.

14. What could you do to improve the area
approximation achieved by using eight trapezoids?

15. What is the disadvantage of using too few
trapezoids?

16. What is the disadvantage of using too many
trapezoids?
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19. Explain how the following equation was derived from the equation in Question 18.

𝐴 = ℎ(
1
2 𝑦! +	

1
2 𝑦" +	

1
2 𝑦" +	

1
2 𝑦# +	

1
2 𝑦# +	

1
2 𝑦$ +	

1
2 𝑦$ +	

1
2 𝑦%) 

20. Explain how the following equation was derived from the equation in Question 19.

𝐴 = ℎ(
1
2 𝑦! + 𝑦" +	𝑦# +	𝑦$ +	

1
2 𝑦%) 

The equation above leads to a general formula for finding the area under any curve in a given interval.  
Called the Trapezoidal Rule, the formula can be applied when you divide the given interval into any 
number of trapezoids of equal height h.  

21. Write out the Trapezoidal Rule for 8 trapezoids.

22. Using the eight trapezoids shown in the graph that accompanies Question 11, apply the
Trapezoidal Rule to find the area under the parabola y = x2 + 1.

23. Check that your answer agrees with the answer in Question 13.

24. If you were to use eight trapezoids to find the area under the parabola y = x2 + 1
from x = 3 to x = 19, what would be the height of each trapezoid?

25. Use the Trapezoidal Rule to approximate the area above the y-axis that is under the curve
y = 2x2 – 4 from x = 2 to  x = 5.  Use three trapezoids.

26. Use the Trapezoidal Rule to approximate the area above the y-axis that is under the curve
y = 2x2 – 4 from x = 2 to  x = 5.  Use six trapezoids.

27. Use the Trapezoidal Rule to approximate the area above the y-axis that is under the curve
y = x2 – 7x + 12 from x = 5 to  x = 7.   Use four trapezoids.

FOLLOW-UP 
28. Why do you need to know the equation of the function to find the area under a curve?

29. Sketch a curve and shade a region under the curve for which the Trapezoidal Rule gives an under
approximation of the area. Explain why the Trapezoidal Rule under approximates the area of your curve.

30. Write a paragraph explaining each step you should take when using the Trapezoidal Rule to find the
area under a curve. Why is it easier than finding the area of each trapezoid separately?

31. Suppose you need to use the Trapezoidal Rule to compute an area from x = a  to x = b
using n trapezoids. Create a formula that can be used to find the height h  of each trapezoid.
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DIVISIBILITY - The Rule of 9 

1. Examine the Base Ten Blocks model below. What number is modeled here? ______

2. The cube represents 1000.  How is the expression (1000 – 1 + 1) equivalent to 1000?

Above, you were introduced to the concept of a zero pair.  Notice that (-1 + 1) has a value of zero and 
can be combined with any number or expression without changing its value. 

3. What is the multiple of 9 that is closest to 1000?________
Show that your number is indeed a multiple of 9.

4. You should have found that 999 is the multiple of 9 closest to 1000. Use the Associative Property (the
grouping property) in 1000 -1 + 1 to introduce the multiple that you      found above (999) into the
expression?

5. It is clear that 1000 = 999 + 1. In the Base Ten Blocks figure above, cross off one of the units in each
of the thousands cubes. Each of these blocks will now represent 999. We still want the model to
represent 3429, so draw three units blocks under the figure to show the three units you removed from
the thousands cube.

6. The flat represents 100. How is the expression (100 -1 + 1) equivalent to 100?

Above, you again used a zero pair. Notice that (-1 + 1) has a value of 0 and can be combined with 100 
without changing its value. 

7. What is the multiple of 9 that is closest to 100? __________ Show that your number is
indeed a multiple of 9.

CUBES FLATS LONGS       UNITS
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8. Use the Associative Property (the grouping property) in 100 – 1 + 1 to introduce the multiple that 
you found above into the expression. 
 
 

    9. It is clear that 100 = 99 + 1. In the Base Ten Blocks figure above, cross off one of the units in each 
of the    hundreds flats. Each of these blocks will now represent 99. We still want the model to represent 
3429, so draw 4 units blocks under the figure to show the 4 units blocks you removed from the flats. 
 
 
10. The long represents 10. How is the expression (10 -1 + 1) equivalent to 10? 
 
 
 
Above, you again used a zero pair. Notice that (-1 + 1) has a value of 0 and can be combined with 10  
without changing its value. 
 
11. What is the multiple of 9 that is closest to 10? ______ Show that your number is indeed a multiple 
of 9. 
 
 
12. Use the Associative Property (the grouping property) in 10 -1 + 1 to introduce the multiple that 
you      found above into the expression.  
 
 

13. It is clear that 10 = 9 + 1. In the Base Ten Blocks figure above, cross off one of the units in each 
of the tens longs. Each of these blocks will now represent 9. We still want the model to represent 
3429, so draw 2 units blocks under the figure to show the 2 units blocks you removed from the longs. 
 
 
14. Look at the altered base tens blocks figure. Notice what is now represented: 
 
                    999 999 999 99 99 99 99 9 9 
                                            and 
                      1  1  1                   (from the thousands cubes) 
                      1 1 1 1               (from the hundreds flats) 
                      1 1                        (from the tens longs) 
                     1 1 1 1 1 1 1 1 1   (from the original units place) 
 
Therefore, 3429 =999 + 999 + 999 + 99 + 99 + 99 + 99 + 9 + 9 + (3 + 4 + 2 + 9) which can also be 
written as 
                  3429 =999 + 999 + 999 + 99 + 99 + 99 + 99 + 9 + 9 + (18) 
 
Is 3 + 4 + 2 + 9 a multiple of 9?_____________ 
Is each addend a multiple of 9?_____________ 
 
15.  How can you use this information to conclude that 3429 is a multiple of 9? 
 
16.  In your own words, write the rule to test for divisibility by 9. 
 
 
 

  6



1. Determine the value of x in the following equation.  Express the value as a fraction.
𝟏𝟔
𝟐𝟕	÷	

𝟒
𝟗 = 	𝒙	

2. Determine the value of y  in the following equation. Express the value as a fraction.
𝟑
𝟒	÷	

𝟕
𝟓 = 	𝒚	

3. Find a, b, c, and d:      16 ÷ 4 = a     27 ÷ 9 = b
3 ÷ 7 = c      4  ÷ 5 = d 

4. Is x =  𝒂
𝒃
 ?   How is that possible? You “divided across”?

Most likely, that is NOT the method you learned for dividing fractions!!!!  
Does this always work?? 

5. Let’s go back to the equation in #2 above:  𝟑
𝟒
	÷	𝟕

𝟓
= 	𝒚 

Is y =  𝒄
𝒅
	?

Maybe we need to do a little rewriting. 

6. In # 3 above, you should have found that c = 𝟑
𝟕
 and d = 𝟒

𝟓
. 

Write the numerical value of 𝒄
𝒅
 as a complex fraction in the form

?
?
?
?
  . 

7. What can you multiply the denominator of the fraction by to get 1 in that denominator?

8. Multiply the numerator and the denominator of the complex fraction by this number.  Simplify where
possible.  What do you notice?
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9. Let’s return back to 𝟑
𝟒
	÷ 	𝟕

𝟓
.  Write the answer as a simplified fraction. 

10. Return to the division statement.  Rewrite each fraction in an equivalent form
 with common denominators. 

𝟑
𝟒
	÷	

𝟕
𝟓
=
𝒆
𝒇
	÷	

𝒈
𝒉

11. Now, using the new equivalent fractions ( 𝒆
𝒇
	𝒂𝒏𝒅	 𝒈

𝒉
 ), divide across from left 

to right as shown here:

𝒆
𝒇
	÷	

𝒈
𝒉
=
𝒆	 ÷ 	𝒈
𝒇	 ÷ 𝒉

Express the answer as a simplified fraction.  What do you notice? 
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FIBONACCI AND PYTHAGORAS 
Many of you have already studied the Fibonacci Sequence. This sequence 
begins with the terms 1 and 1. Each successive term is found by adding the 
two            previous terms: 

 1,  1,  2,  3,  5,  8,  13,  21,  34,  55,  89, … 
In 1948, in a journal called Scripta Mathematica, author Charles Raine 
combined the Pythagorean Theorem and the Fibonacci Sequence to produce 
a          fascinating result. The following questions will lead you to discover this 
relationship. 

1. Find the length of side x in each of the following right triangles. If the answer is
irrational, leave it in radical form.

2. Notice that the last two triangles have integer sides. If a right triangle has
integer sides, the set of side lengths is called a Pythagorean trlple. Write
three more Pythagorean triples.

3. Notice that 3, 4 ,5 and 6, 8, 10 are sides of a right triangle. The set 6, 8, 10 is a
multiple of the set 3, 4, 5. Write three more Pythagorean triples such that one
set is not a multiple of any of the other sets.

4. Now, look at the Fibonacci sequence presented in the opening paragraph.
Write the next 6 terms of this sequence.

5. Examine the first 4 consecutive Fibonacci numbers: 1, 1, 2, 3. Find the  product
of the first and the fourth number. Call it x.

6. Find twice the product of the middle two numbers. Call it y.

7. Find the sum of the squares of the middle two numbers. Call it z.

8. Show that   x2  + y2  = z2 .

9. Examine the next four consecutive Fibonacci numbers: 1, 2, 3, 5. Find the product of
the first and fourth numbers. Call it r.

10. Find twice the product of the middle two numbers. Call it s.

11. Find the sum of the squares of the middle two numbers. Call it t.

12. Show that r 2  +  s 2  =  t 2
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13. Based on the work you have just completed, pick any four consecutive
Fibonacci numbers. Use the procedure outlined above to form a
Pythagorean  triple. Verify that your numbers satisfy the Pythagorean
Theorem.

14. Does this procedure always work? Let’s use some algebra to find out!
Let the first of any four consecutive Fibonacci numbers be represented by
a, and the second by b. How can you  represent the third and the fourth in
terms of a and b?

15. Find the product of the first and fourth numbers in terms of a and b. Call
this  product x.

16 . Find twice the product of the two middle numbers in terms of a and b. 
Call  this y. 

17. Find the sum of the squares of the two middle numbers in terms of a and b.
Call this z.

18. Show that x 2  +  y 2  =  z 2 .
------------------------------------------------------------------------------------------------------------------ 

19. Complete the following chart:

4 consecutive 
Fibonacci 
Numbers 

Product of the
4 consecutive 
Fibonacci 
Numbers 

Associated 
Pythagorean 
Triple 

Area of the 
Right Triangle 
Formed by 
the  triple 

1, 1, 2, 3

1, 2, 3, 5

2, 3, 5, 8

3, 5, 8, 13

5, 8, 13, 21

a, b, a+b, a+2b 

20. Make a conjecture about the four consecutive Fibonacci numbers and
the                area of the right triangle formed when those numbers are used to create
the sides.

SOURCE : 
April 1989 Mathematics  Teacher pp.  277-280 and 
South-Western Publishing Company Geometry and Integrated Approach 
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FIBONACCI AND THE PRESERVATION OF AREA 
GERVER AND SGROI (The Mathematics Teacher January 2003) 
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ANSWERS 
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THE MIDDLE ORDINATE OF A CIRCLE 
Context:  Automobile Accident Skid Marks 
Source:  Financial Algebra, Gerver and Sgroi, NGL/Cengage Learning, 2021 

Background Information 
When a car enters a skid and the brakes lock (or lock intermittently), the driver cannot 
control the steering. Therefore, the skid is usually a straight line. The vehicle continues to 
move straight ahead as the brakes lock, making the tire marks straight. When the vehicle slips 
sideways while at the same time continuing in a forward motion, the tire marks appear 
curved. These are called yaw marks. 

Taking skid and yaw measurements, as well as other information from  
the scene, can allow accident reconstructionists to compute the speed of the car when it 
entered the skid. The formulas used are often presented in court and are recognized for their 
strength in modeling real-world automobile accidents. 

At the scene of an accident where a car leaves curved tire marks (yaws) the minimum speed 
can be determined from the data available by measuring the yaw marks. If S is the minimum 
speed, f is the drag factor, and r is the radius of the arc of the yaw mark, the most basic 
formula is 

𝑺 = #𝟏𝟓𝒇𝒓 
To identify a radius, you must be able to find the center of the circle of which the arc is part. 
Here is how reconstructionists do that. First, they select two points on the outer rim of the 
arc and connect them with a chord. A chord is the line segment that connects two points on 
an arc or circle as shown. 

The center of the chord is located and a perpendicular line segment is drawn from that center 
to the arc, creating a right angle. This short line segment is the middle ordinate. 

Reconstructionists use the following formula to determine the radius. 

𝒓 = 	
𝑪𝟐

𝟖𝑴+	
𝑴
𝟐

Where r is the radius of the yaw arc, C is the length of the chord, and M is the length of the 
middle ordinate. 

But where did that formula come from?  This guided discovery activity develops the formula 
using geometric relationships learned in a high school Geometry course. 
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Prerequisite Knowledge: Setting the stage for the guided discovery 

      

With that reviewed, work through these guided steps to discover the formula for the radius 
of the yaw arc in terms of the chord length and the middle ordinate length. 

a) From the diagram, CE = CD/2, ED = CD/2, and EB = M. You need to determine the
length AE.  Write an expression for AB in terms of r. ________________________

b) Notice that AE = AB – EB. Write an algebraic expression that represents the length AE
in terms of r and M.  ______________________________

c) Recall the property of two intersecting chords in a circle.
Applied here, AE X EB = CE X ED.  Write the algebraic expression for this equation in
terms of r, M, and chord length CD.  ________________________

d) Use your results from part c) above.  Simplify the side of the equation that represents
the product of the segments of chord 𝑪𝑫.   Write the new equation.
_________________________

e) Solve the equation for r by isolating the variable r on one side of the equation.  Show
your work.  Compare your answer with the radius formula on the previous page.

The formula used to determine the radius of the yaw mark arc is derived from 
a geometric relationship about two intersecting chords in a circle. In the 
figure, chords 𝑨𝑩 and  𝑪𝑫 intersect at point E in the circle. The product of the 
two segment lengths making up chord 𝑨𝑩, AE X EB, is equal to the product of 
the two segment lengths making up chord 𝑪𝑫, CE X ED. 

In the figure at the left, the yaw mark is continued as a dotted line to 
form a complete circle. A chord is drawn connecting two points on the 
yaw mark. The middle ordinate is also drawn.  The length of the middle 
ordinate is M and the length of the chord is CD.  The middle ordinate cuts 
the chord into two equal pieces with each half of the chord CD/2 units in 
length.  The radius of the circle has length r as shown in the diagram. 
Applying the property  of two intersecting chords in this diagram you get 
AE X EB = CE X ED. 
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MULTIPLICATION OF SQUARE ROOT RADICALS 

In the figure below, the dots are 1 unit apart horizontally and vertically. For all computations, 
leave non-integer answers in radical form. 

1) DABC is a right triangle with hypotenuse of length L. Use the Pythagorean Theorem to
determine L.

_______________ 

2) DBDE is a right triangle with hypotenuse of length W. Use the Pythagorean Theorem to
determine W.

                _______________ 

3) Find the area of rectangle AFEB by counting the number of square units covered by the
rectangle.

      _______________ 

4) How do steps #1 - #3 illustrate that √8	×	√2	 = 	√16
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5) Draw a figure on the grid below that is similar but not congruent to that given at the
beginning of this activity. Label it in the same way.

6) DABC is a right triangle with hypotenuse of length L. Use the Pythagorean Theorem to
determine L.

_______________ 

7) DBDE is a right triangle with hypotenuse of length W. Use the Pythagorean Theorem to
determine W.

               _______________ 

8) Find the area of rectangle AFEB by counting the number of square units covered by the
rectangle.

     _______________ 

9) Write a radical equation based upon the lengths of the segments and the area of the
rectangle found in #6 - #9.

         _______________ 

10) Based on your work here, write a “rule” for multiplying square root radicals.  Explain your
reasoning.
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Albert Einstein said that compound interest was “the most powerful thing 
I have ever witnessed.” Work through the following exercises to discover a pattern Einstein discovered. 

To do this activity, you will need to use the compound interest formula as shown here.  

a. 
Suppose that you invest $2,000 at a 1% annual interest rate. Use your calculator to input different 
values for t in the compound interest formula. What whole number value of t will yield an amount 
closest to twice the initial deposit?  

b. 
Suppose that you invest $4,000 at a 2% annual interest rate. Use your calculator to input different 
values for t in the compound interest formula. What whole number value of t will yield an amount 
closest to twice the initial deposit?  

c. 
Suppose that you invest $20,000 at a 6% annual interest rate. Use your calculator to input different 
values for t in the compound interest formula. What whole number value of t will yield an amount 
closest to twice the initial deposit?  

d. 
Albert Einstein noticed a very interesting pattern when an initial deposit doubles. In each of the three 
examples above, multiply the value of t that you found times the percentage amount. For example, in 
part a, multiply t by 1. What do you notice?  

e. 
Einstein called this the Rule of 72 because for any initial deposit and for any interest percentage, 72 ÷ 
(percentage) will give you the approximate number of years it will take for the initial deposit to double 
in value. Einstein also said, “If people really understood the Rule of 72 they would never put their 
money in banks.”  

Suppose that a 10-year-old has $500 to invest. She puts it in her savings account that has a 
1.75% annual interest rate. How old will she be when the money doubles? 51 years old 
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SYSTEMS OF LINEAR EQUATIONS: Auto Expense and Depreciation 

 

 
 

 
 

 
 

 

 

 
 
 
 

 

 

 

 
 
 

Celine bought a new car for $33,600.  She made a $4000 down 
payment and pays $560 each month for 5 years to pay off her 
loan.  She knows from her research that the make and model of 
the car she purchased straight line depreciates to zero over 10 
years. Write an expense and depreciation equation for this 
situation.  Graphs this system of two equations on the same axes 
and interpret the results. 

1. What was Celine’s initial payment? _________________

This amount represents her first investment in the car when x=0 months. This 
will represent the y-intercept of the expense function. 

2. How much does Celine pay per month? _______________

3. How could the ratio of the change in the total expense per month be
expressed as a fraction? __________________

This will represent the slope of the expense function. 

4. Use the information from above to express the linear expense function:
         y = ____________________________ 

5. The time x is in months rather than years. Since Celine’s car will totally
depreciate after 10 years, how many months will it take for the value of this car
to reach zero? _______________.

This amount will represent the x-intercept of the depreciation equation. 

6. What was the purchase price of Celine’s car? ________________

This amount will represent the y-intercept of the depreciation equation. Why? 

7. What is the value of the ratio of the original car cost over the total number of
months it will take for the car to depreciate? What does that value represent?

8. To calculate the slope of the depreciation equation, you will use the
intercepts (0, 33600) and (120,0).  In the context of this problem, what do these
intercepts represent?
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9. Use the coordinates of the intercepts to determine the slope of the
depreciation equation?   Where have you seen that number before?

10. In the context of this problem, what does the slope represent?
Why is it negative?

11. Write the depreciation function.  _________________

12. Graph of this system:

The lines intersect at the point 
(35.24, 23733.33). In the context of this depreciation problem, what 
does this point of intersection represent?  

What story does the graph tell on the domain x < 35.24? 
What story does the graph tell on the domain x > 35.24? 
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